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Abstract
We show that the entanglement cost of the three-dimensional antisymmetric
states is one ebit.

PACS numbers: 03.65.Ud, 03.67.—a

The concept of entanglement is the key to quantum information processing. To quantify
the resource of entanglement, its measures should be additive, such as bits for classical
information. One candidate for such additive measures is entanglement of formation. In
[1], it is shown that the entanglement cost E. of creating some state can be asymptotically
calculated from the entanglement of formation. In this sense, the entanglement cost has an
important physical meaning. Since the known results are, nevertheless, not so much [6, 7],
we pay attention to antisymmetric states that are easy to deal with.

As is already shown [2], the entanglement of formation for two states in S (H_) is
additive. Furthermore, the lower bound for the entanglement cost of density matrices in
d-level antisymmetric space, obtained in [3], is log, ﬁ ebit. In this paper, we show that the
entanglement cost of three-level antisymmetric states (d = 3) in S (H-) is exactly one ebit.

We first define the three-level antisymmetric states. Let us consider a bipartite qutrit

system, Hqp = Hp = C3. The antisymmetric subspace H_ on H4 ® Hp is defined as follows:
H_ :=spanc{|01) — |10), [12) — |21), |20) — |02)} C H4s ® H5.

Then, the antisymmetric state on H®" shared with Alice and Bob is, in general,

2
V) = Z O oo uikt Kook | TUs J25 << o5 s K1 ks oo k)
JtsJ2ee jn=0
i Kooy =0
® (€] 2 (m) () 2 (n)
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where ng ) means the ith space of Alice (resp. Bob) and € is the Levi-Civita symbol, i.e.,
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€jx = 1 for (ijk) = (123) and its even permutations, —1 for odd permutations and 0
otherwise. Henceforth, we identify the above coefficient o, . .x,,...x, With the entries of a
matrix @ € M (3"; C) with respect to the rows {ji, ..., j,} and the columns {ki, ..., k,} with
lexicographical order.

The entanglement of formation E s is defined as follows:

Ef(p) =inf)_ p;E(ly;)) 3)
J

where p; and [/;) are decompositions such that p = Zj pjlvj)(¥;| and E is the entropy of
entanglement

E(|Y)) = S(Tegldr) (¥ ).
The subadditivity of Ef is well known [6]:

Lemma 1 (Subadditivity). Let p® be density matrices on H, ® Hp, i.e., bipartite states.
Then,

n
Ef(®/_ pV) <Y Es(p®).
i=1

In [6], it is also shown that Ey(p) = 1 for any p € S(H_). Using their result, we obtain the
following:

Corollary 1. For any p® € S(H_),
Ef (&} o) <n.
To prove E. = 1, itis therefore sufficient that we show the superadditivity E (®?=1 ,0(")) > n.

For the states in H®", we can prove the following lemma:

Lemma 2. For any ) € H®",
E(ly)) = n. “)

We give a proof of this lemma in the appendix. The following corollary immediately follows
from this lemma because the definition of the entanglement of formation (3) is a linear
combination of (4).

Corollary 2. For any p € S(H®"),
Ef(p) > n.
Theorem 1. For any p® e S(HL),
E; @i_0") =n.
Proof. From corollaries 1 and 2, this theorem holds. O
Hence, as a corollary of this theorem, we obtain the main result:

Corollary 3 (Main result). For any p € S(H_),
Ef(p®") = n.
Therefore,

1
E.(p) := lim —E;(p®) = 1.
n—oon
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Appendix. Proof of lemma 2

It is well known that the entanglement of pure states is defined by von Neumann entropy of
the reduced density matrix p, = Trg|¥)(¥| = aaf, where « is a 3" x 3" matrix, which is
defined in (1). Let A; be the eigenvalues of p4 and its elementary symmetric functions

sy = Zk,- =Trps =1

i
Sy = Z)\,’)\j

i<j

the power sum [t (pa) = >, A¥ = Trps*, respectively. Note that /s is the generalized
concurrence [10-12]. As we will see later, the value of this generalized concurrence is closely
related to the entanglement of formation in our case.

Proposition 1. Let « be the coefficient of |\) € H®" and ps = aa'. Then,

1
L(pa) < Tk (5)
Proof. The calculation of 1;(p,4) is lengthy but straightforward. First, let us choose two rows
J = s oy ey Ju)s I = ity J3s -+ -5 Jo) and two columns K := (ky, ko, ..., ky), K' :=
(ki, k), ..., k) for a2 x 2 minor of matrix . Since sx(p4) is equal to the square sum of
all k x k minors of «, i.e., due to the Cauchy—Binet theorem [4], we therefore obtain (see
also [5])

1 2
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2

n n
— T enint TTen it
m=1 m'=1
_ E E a ay yat a*
- 22n+1 Pioees Pn Py ees P15 @n g ),

JI'KK' PP'QQ’
<A T T€ommn T L€rminsto, T T €ampinstos | L€aniinit,
my my ms my
- l_[ € puny o oy l_[ € Dhry iy Ky l_[ €y s iy l_[ €41, kony (6)
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where we denote Y, = 32 andap =a etc, for simplicity. Let us divide
P = Zipipapa=0 P = Apipyeeeipur ©16 phictty.

(6) into two parts.

1. First term

n n n n
E | | € Py iy fom, | | €y iy ki | | €y iy ki | | €y dna ki,
my=1

JJ' KK \m =1 my=1 m3=1
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. 2
where we use the relation Zjl=0 €prjiki €1 ikt = Ok S prgi — Ok p1 Ok -

2. Second term

: : | | pmllml my | | Epmzlmo my | | quu/m3 m; | | %14/m4 my
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n
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m=1

We summarize these terms and obtain the following:

1 n n

_ * % 2n

$2(pa) = 220+l E apapandy |2 l_[ 8 pnanOppay — 1_[ (5pmqn,5p,’,,q,’n + ‘Spmm‘spmq,’,,)
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and

L(pa) = s1(pa)?* — 252(0a)

n

1
_ * %
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. 1
‘We have thus proved proposition 1. O

The following theorem is important:

Theorem 2 (Furuta; special case of [8, 9]). Let A be an invertible positive operator. Then for
any positive x € R

1
—AlogA > (1 —logx)A — —A2.
X

This inequality holds even for singular A under the convention 0 log0 = 0. By diagonalizing
A and applying —x logx > (1 — logxo)x — x2/xo for positive x and xo, we can obtain this
inequality.

Corollary 4. Let S(A) = —Tr(Alog, A) and p4 a normalized density matrix (i.e. Trpy = 1).
Then for positive x,

S(pa) = [(1 —logx) — Ir(pa)/x]/log 2 = —log, Ir(pa)

where the lower bound holds when x = I,(pa).

Hence, S(p4) > n and this ends the proof of lemma 2.
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